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WOMOZHONAIA; F'AYKEIOY
:E E NE OETIKH & TEXNOAOI'IKH KATEYOYNXH
()] E MAOHMATIKA
AITANTHXEIX
OEMA 1
A. BAéne oyoiikd P1Aio cerida 194, 1o Bedpnua EVOLAUECOV TIUGDV.
B. BAéne tov opiopd ot oerida 279 tov oyoiikov Biiriov.
I. BAéne oelida 246 tov oyoiikov PiAiov, apécmg petd v dSotdnTwaon Tov
Bewpnpartog Rolle.
A. 1. Y0o010. BAéme o610 ook Pipiio cerida 91:
z+ Z =2a pe a = Re(2).
2. AdBog. Biéme oyoko Piiio oehidoa 185 uea =e: lime* =0
X— =00
3. AdbBoc. BAéme oxoiiko Piiio cerida 142:
{x/x €A kat x €B, ue g(x) # 0}
Ymo16. Bhéne 1o EXOAIO ot oekida 218 tov oyoiikov Piiiov.
5. Ywo1d. BAéme a10 oy0A1KO P1Aio cerida 336 TOV TOTO NG
OAOKAN PG KATA TOPAYOVTEG,.
OEMA 2
a. i. H £, og molvwvopikn, eivar cuveyng ko dvo eopég Tapaywyiciun oto R
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ii.

e

f(x) = 12x% + 242x + 1 -1,

f(x) = 24x + 242
Eneon oto x¢ = — 1 mapovcidlet kapm, eivon f "'(—1) = 0:
F () =0e2-24+241 = 01 = 1

Enetdf A =1 etvan [f(x) = 4x3 + 12x?%|xon

f(x) >024x + 24 > 0x > -1

f7(x) 024 + 24 < 02x < -1
Emopévagn f etvon koikn oto ddotnpa (—oo, —1] ko Kuptf 610
[-1, +o0).
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B. O¢tovpe u = f(x). Ereon
lim f(x) = lim (4x3+ 12x%) =0
x—>-3 x—>-3
glvan

onuf(x) L nmuu
lim —— 1 — =

AT Ty T

v. i. H {nrodpevn apykn eivon n
F(x)=x*+ 4x® + ¢, x€R
e ¢ otafepd, yrati yio ke x € R
F'(x) = (x* + 4x% + ¢)' = 4x3 + 12x% = f(x)

To onueio (0, 1) avnkel otnv ypaeikn mopdotoocn ™ F, ondte
F(0) = 1:

F(0) =1&c =1
Emopévag

F(x)=x*+ 4x3 + 1, x€eR

ii. Bptokovpe t1g piCeg ™¢ ouvdptong:
f(x) =0 4x° + 12x2=024x%(x+3)=0x=0fQx = -3
To {nrovpevo epPaddv-E 1oovton pe 1o orokAnpopo

0
£= Ieoldx
=
Yto Sidotnuo [—3, 0] etvon £ (%) = 4x?%(x + 3) > 0, Gpa

0
K& f_sf(x)dx

Tote
E=F0)-F(-3) =1+ 26 =271.pu
OEMA 3
a. i) ©Oftovue ot doGuéVI oo X = % KoL TOPVOV E:
n n V2 V2 V2
f(T],le)'Ff(O'UVZ)—1<‘:,>f<7>+f<7>—1@2f<7)—1<‘:)
V2) 1
(7)-2

[TéA, pe x = 0 maipvovpe:
f(TI,uO) + f(O'UVO) = ]_(_—)f(()) + f(].) -1

ii) Oewpovue v cuvaptnon g: [0, 1] > R pe
gx) = f(x) + x- 1, yw kéOe xe [0, 1]
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H g eivon ocvuveync, og dBpotopa cuvey®V GUVOPTHCEOV: TG f, KoL TG

x— 1.

Eivor g(0) = F(0)- 1 kaug(1) = fF(1) “““ 1 - £(0), onore
g0 - g =~=[fO-1" (1)

Al0KpivovLE TIC TEPUTTOGELS:

1" agpinToon:
Av f(0)=1,1t6te a6 (1) < g(0) = 07 g(1) = 0. H g Ba &xer piCa
0Xxo=0nTt0%x0=1

2" wepintoon:
Av £(0) # 1, tote and v (1) eivar: g(0) - g(1) < 0. Epappoleton,
emopEVec, to Bewpnua tov Bolzano yuu v g oto [0, 1], étol Ba
VILAPYEL, TOLAQYLoTOV, éva X0 (0, 1) Té€T010, Wote g(xy) = 0.
Y k@0e mepintwon, Londv, vrdpyel x, €[0, 1], Této10 dote

gxo) = 0=2f (%) + x9-1=0f (%) + % = 1,
10 0moio amdoeEe 1o (nTodevo.

Oewpovpe v covaptnon h: R— R pe
h(x) = f(x) —\/§x+%, x€R
e H h sivan mopayoyiciun oto R, g dOportopa g f, 1 omoia arnd
VIToBECN Eivon Tapoymyictn, Kot TS TOAOVOIIKASG —V2x H %, ne
Tapay®yo
h' () = f"(x) —V2
e H h éyer ehdypioto ot0 X = \/?E . Hpaypatikd, eivon

V2 V2 V2 1 1 1
h(7)=f<7>—\/§'7+§:§—1+§:0

Axopa, yuu kdfe x € R
1 1 V2
f(x) z\/ix—5 = (%) —\/§x+§2 0 sh(x) = h<7>

Y . , . .
o Toxy= ~, ElVoL ECOTEPIKO onpeio Tov nediov opiopod g h.
Emopévac, epoappdletor to Bedpnua tov Fermat, coppova pe 1o onoio
R (2) = o:

h’(?)zO@f’(?)—ﬁzO@f’(?):\/5

, . , o N2
H e&icmon g epantopévng g f 610 onueio PE TETUNUEVN ~ eivan

) (B2

Ta 0pora Tpoopilovtal Y10 AMOKAELGTUC ¥PTOT TS PPOVTICTIPLUKNC LOVADOG 3



Enavoinnrikd @¢poro OEDE 2011 4

@y—%:\/?(x—g)@y:ﬁx—%

ii) Eivon
JFO+fH=1=f1)=1-£(0)
Ko
fOux) + foovx) = 1< f(ovvx) = 1- f(Mux).

Avtikaf1oTo0IE GTO OPLO KO EXOVUE:

FO = flown) _ (1= fO) = (1= f(nux)

lim
x—0 nux x—0 nux
x)—f(0
_ i L1#) = 1 (0) @
x—0 nux —0

Kévovpe v avtikatdotaon y = nux. Emeidn
lim(npx) =npo =0
X—

t0 y teiver oto 0. "Etol

o S ) = 1 (0) fO») - £(0)

li = lim 3)
x—0 nux — 0 y—0 y—0
Ezeion 1 ouvapmnon eivan moapaymyioipun oto 0, axo Tov, 0picpHo g
f(0) eivan
f&) = /@0)
li =f"(0 A
1T -—— f7(0) (%)

Yt cvvéyetla Ba vroroyicovpe v f (0).

[HapaywyiCovpe Ko Ta Vo pEAN ™G doouévng f (mux) + f(ovvx) =1
KoL TOPVOV E:
[f (ux) + f (oovx)] = (D) = [f(ux)]” + [f (ovvx)] = 0
= (0)'f () + (o) f (o) = 0
< owvx - f (ux) —nux - f (oovx) =0
Am6 €00, yiox = 0 €yovue
cov0 - f'(u0) -0 - f (ouv0) = 0= £'(0) = 0.
Emopévac, coppova pe 116 (2), (3) ko (4):
. fQ) = f(ovvx)  f(px) — f(0)
im = lim

= £f(0)=0
x>0 nux x>0 nux 0

OEMA 4

A. Oewpovue TV cuvdptnon
gx) = e*-x-1, xeR
1] OToi0L €IV GLVEYNG KO TAPAYOYIGIUN LLE TOPAYMOYO
g'(x) =e*-1, xelR
Elvw g'x) > 0&se*-1>0e* > 1ex >0 ku
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gx) <0z e'-1< 0¥ <1ex<0
Emopévoc n g, og cuveyng oto X = 0:
e civar yymoeing ebivovcsa oto dtdotnua (— o0, 0],
e  givar yyoimg avéovca oto dtdotnua [0, +00)
dpa, £xer olkd erdyroto to g(0) = 0, omdTE

gx) =2 g(0)=e*-x-1= 0se* =2 x +1, yio kébe xelR
Ao ™V mopamdve amddelEn copmepaivov e, 0TL 1] 10OTHTA
gx) = g(0) =e* =x +1

aAnBevet akpPog dtav x=0, apov 1 BEon ehayictov TG cLVAPTHOTG Eivarl
povovn x =0.

B. o.i. O¢toope u=x—xt, ondéte du=—xdt. ["at=0 eivon u = x ko yia.
t=1¢etvouu=0. Tote:

1 0
xf e/ =xqt =f efW (—du) =f
0

X 0
Tote yra k4B x€ [0, +0) €yovpe:

X 1
VA =f efOdt + ixf efx=xq¢ =f
0 0

0

X X
ef(”)duzf efOdt.
0

X X

efOdt + if efOdt

0

0TOTE
X

Re(z) = Im(2) = f efOqt
0
2TV GLVEXELD

X X X
sz ef O dt +if efOdt =z = (1+i)J el (Odt
0 0 0

VA X
,:f e/ Odt
[LH 0

Enedn e/® >0, yio k60e x > 0 givon fox ef®dt >0, enopévac

e

z
T3 Re(z) = Im(z) = 0,yiaxa@ex = 0

ii. Bpikaue li-l-l = [, e/®dt > 0, omote

VA X X
| | = j efOdt | = j efDdt
1+ 0 0
apo
|z] * ,
—=| e/Ddt, yiokdex >0
V2. Uy

ZOpQmVa. P TV GYECT aVTI KoL TNV OgVTEPT Ol TG SOGUEVEC Elval:
X X
f efOdt = f [f@) +et]ldt+ f(@)—1 (1), ywkébex =0
0 0

Enedn 1 f konn et eivon cuveyeic, O etvon cuveyeig

e nobtvieon ef® ka

e 10 dOpowoua f(t) + e,

EMOUEVOC 01 CLVOPTNGELG TOV opilovTan ad To OAOKAN PO UATA
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fxef(”dt ) fx[f(t) + et]dt
0 0

glvou Tapay®yiclueg He

<fxef(t)dt> = e/, <fx[f(t) + et] dt) = f(x)+e*

[MapaywyiCovpe kon o dvo péAn g (1) ko Eyovpe:

( f xem)dt) - ( f A + et dt + fa) - 1)

ef® = f(x) +e*, yiakadex =0

1N, TEMK®OG:

B. Mo kéBe X1, X, = 0 amd v (o.11) Eyovpe
ef(x1) — f(xl ) + e*1 e*1 = ef(x1 ) f(xl )
ef(xz ) — f(xz ) + e¥2 X2 = ef(xz ) — f(xz )
‘Eoto x; < x,. Eneidn n e* eivon yymeimg avéovoa yovpe
e¥1 < e*2z & ef(x1) — f(xl ) < ef(xz) — f(xz )
‘f—_)g(f(%)) < g(f(xz ))
LE & TNV GLVAPTIGI TOL EPWTILATOG A, 1] 0ol Elvat Ywnoimg avéovoa
010 dtaotnua [0, ), 6to omoio waipver Tiueg N f. Emopévmg
g(f(x1 )) < g(f(xz ))(—_}f(x1 ) < f(x).
Amooeiope, Lomdv, 0Tt yia KGOe X7, X, = 0,
av x; < x,, 1016 fx; )< f(x3)
7oL onpaivet, 6TL M f Elvar yynoing avéovoa.

Y. H f g yvnoiwg avéovoa, eivon 1 — 1, apa €yl avtiotpoon.
[Té n f, og yymoing avéovoa kot GLVEYTG, £XEL GUVOAO TIUAV TO
doTn o

| ), lim £(x))
e Hoyéon e/™ = f(x) + e* enedy f(x)>0 diver
efP>e* o f(x) > x
Emeion

lim x =4+ »
X—+ o0

glvat
lim f(x) =+4+oo

X—>+o
e T x=0néh and v e = f(x) +e* noipvovpe

e = £(0) + 1.
‘Etot, 1o f(0) eivon Adon g e€icwong €™ = x + 1. And 1o epdnua A. 1)
elowon avt £xel povadikn Avon x = 0, Tov cuvendyetat, 0Tt

f(0)=0] (2)

Emopévagn f €xet cbvoro Tindv to didotnua
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| £, lim £(x)) = [0,+20)

Eote y=f(x) pe x= 0. Ando mv e™® = f(x) + e* éyovpe:
ed=y+e* e =el—y
H tehevtaio eficwon €xer Aon ¢ mpog x=> 0, apov e¥ — y > 1.
Tore:
e =e’—yox=In(eY—-y)
Mo v Ty avt tov x givan 1(x) =y. [paypatuch
efn(e”=y)) _ f(In(e¥ —y)) = e’ =¥ —y

H g o¢ ywneimg avéovoo oto [0, +00) givon 1-1, étor f (In(e? —y)) =y

Apa
f1(x) = In(e* — x), xe [0,+x)
0. Mo x =0 and v (1) maipvoope:
0 0
f efDdt = f [f@) +etldt+f(@) —1ef(@)—-1=0s
0 0

fl@)=1](3)
e v ocvvapton f epappdletan 1o Oewpnuo Méong Tiung Tov
drapop1kov Aoyiopov oto dtdotnua [0, af, a > 0, yiari eivon cuveyng o€
aUTO KOl TOPAY®YIoLU] GTO  GWVTIGTOIXO0 OOl TO - OlAGTNHO, O
mopoyoyion ord vmobeon oto (0, +0). Emopeveog vmapyer éva
TovAdyiotov, E&(0, o) pe
f@) - f(0)
a—20 T

£

N Aoym tov (2) ko (3):
1D , ,
—=f¢) naf@) =1

a
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